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The so-called Mpemba effect, i.e. the observation that the warmer of two otherwise identical
systems cools faster when both are refrigerated in the same thermal reservoir, is a hotly debated topic
in condensed mater physics and statistical mechanics. Although it has been found in several non-
equilibrium model systems, its very existence in water, the system in which it has been historically
reported, is still open to question. Here we show using numerical simulations that a Mpemba effect
is indeed present in water. We find that the effect occurs when equipartition of energy is not present
in the initial state. Interestingly, the effect is observed without the intervention of a phase transition,
and it is therefore seen to be a purely non-equilibrium relaxation effect.
An unperturbed out-of-equilibrium system will evolve
in time until it finally reaches a state of equilibrium, from
which it will not spontaneously depart. This evolution is
system-specific, and dependent on the initial conditions.
Experimental observations [1] reveal that frequently the
evolution towards equilibrium depends on the system’s
thermal history, a phenomenon known as a memory ef-
fect. Memory effects are common in condensed matter
systems [2–8], having been documented in disordered ma-
terials [9], spin glasses [10], granular matter [3], poly-
mers [11], biological systems [12] and batteries [13]; they
are thus of fundamental as well as practical interest, but
our understanding of them is still incomplete. An intrigu-
ing memory effect named after Mpemba [14] is frequently
ascribed to water [15, 16]; it refers to the observation that
the warmer of two otherwise identical beakers of water,
when put in contact with the same thermal reservoir,
may cool faster under certain conditions. Even though
it has been described since antiquity [17] the Mpemba
effect (ME) remains controversial to date. Experimental
efforts have thus far been unable to provide a conclu-
sive and reproducible picture of the effect [18, 19]. The
phenomenon is not specific to water; indeed the earli-
est modern reference to it [14] describes how it was first
observed in ice-cream mixtures; there is also report of
its observation in clathrate hydrates [20]. A number of
computational experiments have reported Mpemba-like
phenomena in various idealised model systems, such as
in granular fluids [21, 22], spin glasses [23] and Markovian
systems [24, 25].
Here we describe a hitherto unacknowledged non-
equilibrium Mpemba-like effect in atomistic models of
bulk water, which we refer to as the mesoscopic Mpemba
effect. The term mesoscopic is used here in the sense of
Van Kampen [26], i.e. a description of the thermal evo-
lution of a system in terms of macroscopic variables (e.g.
temperature) that are nevertheless affected by fluctua-
tions resulting from the microscopic dynamics of its con-
stituents. We also use the term to distinguish our obser-
vations from the conventional, macroscopic ME, which,
if real, takes place over time scales much longer than can
be observed in the effect we report here.
In our simulations we monitor the process of equili-
bration from carefully-prepared initial conditions in wa-
ter systems. To this end, we have conducted constant-
volume molecular dynamics (MD) simulations of systems
containing 64000 water molecules in periodic bound-
ary conditions at densities corresponding to liquid wa-
ter and hexagonal ice. Simulations were carried out us-
ing two different implementations of molecular dynam-
ics, NAMD [27] and LAMMPS [28], both giving the
same results. In order to insure that the effects ob-
served were not an artefact of a particular water model,
we have used several different standard models, includ-
ing the SPC, TIP3P and TIP4P [29] rigid models, as
well as a flexible version of the TIP3P model [30]. The
equations of motion were integrated using a time-step of
1 fs. Initial atomic velocities were generated by sampling
the Maxwell-Boltzmann distribution at the desired tar-
get temperature. Starting configurations for the liquid
with rigid models were obtained from a simple-cubic lat-
tice distribution of molecules with a density of 1 g/cm
3
.
These configurations were then subjected to an equilibra-
tion run during which velocities were re-scaled to drive
the system towards the desired temperature, lasting a to-
tal of 10 ps. Production runs were 5 ps long. Runs with
the flexible TIP3P model used as initial seed a previ-
ously equilibrated configuration of the rigid model, which
was subsequently equilibrated with velocity re-scaling for
200 ps, followed by a production run of 50 ps. For the
solid phase, we started from a supercell of ice Ih contain-
ing 64000 molecules, constructed so as to have no net
dipole; this was then subjected to the same equilibration
procedure as the liquid phase. Once a given system had
been equilibrated at the desired temperature, we took a
representative configuration and constructed new, out-of-
equilibrium initial conditions by modifying the velocity
distribution of the molecules, so as to study the system’s
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2Figure 1: (Color online) (a) Evolution of the total, translational and rotational kinetic energy towards equipartition for liquid
TIP4P water; at the start of this simulation all the kinetic energy was in translational modes; (b) evolution of the temperature
in three different situations: (1) starting from equipartition, (2) kinetic energy initially only in translational modes (the case
displayed in panel (a)), and (3) kinetic energy initially in rotational modes only (the reverse case of that shown in panel (a)). (c)
Translational velocity auto-correlation function (tVAF) of liquid TIP4P water at 350 K. VAFs of Cartesian velocity components
are shown in black, while those of velocity components in the molecular frame are shown in blue, red and green; the disposition
of the molecular frame is indicated by the inset figure, in which each axis is coloured to accord with the corresponding tVAF
component. (d) Rotational velocity auto-correlation function (rVAF) of liquid TIP4P water at 350 K. The colour coding is
the same as for panel (c). As can be seen, there are appreciable differences between the different molecular-frame components
(both translational and rotational) as well as between the translational and rotational mode dynamics.
evolution back to equilibrium. We considered the follow-
ing four cases: case 1, in which the velocities were un-
affected (normal equilibrium case); case 2, in which the
kinetic energy was placed only in translational modes
(molecular rotations were initially frozen); case 3, in
which the translational modes were initially frozen, with
the kinetic energy placed in rotational modes, and finally
case 4 in which both translation and rotation modes were
initially frozen, and the kinetic energy was contained in
internal molecular vibrations (this is only relevant for the
flexible TIP3P model). Clearly, cases 2 to 4 above are
very extreme and particular and are only used as con-
venient starting conditions from which to monitor the
process of equilibration; they are far from equilibrium
velocity distributions; our conclusions below do not de-
pend on such starting conditions. The use of thermostats
to impose a target temperature was explicitly avoided to
prevent any interference with the intrinsic relaxation dy-
namics of the system.
In Fig. (1) we display a sample of the observations ob-
tained from the simulations described above. The system
is liquid water modelled with the rigid TIP4P [29] model,
starting from a configuration resulting from a long equi-
libration period at 350 K. This model, being rigid, has
only translational and rotational degrees of freedom. Af-
ter the equilibration period, the velocities of atoms in the
system are modified such that all the kinetic energy is put
in molecular translational modes, while that in rotational
modes is set to zero (case 2 above). This distribution ob-
viously breaks the equipartition of kinetic energy among
different modes that one expects to find under condi-
tions of thermal equilibrium, and Fig. (1a) shows how the
system evolves towards restoring equipartition between
translation and rotation in this case. Fig. (1b) displays
3the evolution of the instantaneous temperature of the sys-
tem in three different cases, namely, the case considered
in Fig. (1a) (case 2), the alternative case in which the
initial kinetic energy is put only in molecular rotational
modes (case 3 above), and normal equilibrium (case 1).
As can be appreciated in Fig. (1a), the translational and
rotational kinetic energies evolve towards their equipar-
tition value at slightly different rates. Indeed, the trans-
lational energy is seen to reach its equipartition value
faster than the rotational one. This is also the case when
the initial conditions are inverted so that all kinetic en-
ergy is initially in rotational modes, i.e. the translational
kinetic energy reaches its equipartition value before the
rotational one, only in that case it reaches it from below.
The different rates of evolution towards equipartition of
the two kinds of modes present in this system result in
a transient reduction (or increase, in case 3) of the to-
tal kinetic energy with respect to its equilibrium average
value. Although this difference with respect to the equi-
librium value is small, it nevertheless translates into a
noticeable (albeit transient) temperature mismatch with
respect to the equilibrium value of approximately ±5 K,
as can be appreciated in Fig. (1b).
The behaviour observed in Figs. (1a,b) is not so sur-
prising if one considers that different kinds of degrees of
freedom experience different dynamics, as made evident
by the corresponding velocity auto-correlation functions
(VAF), displayed in Fig. (1c,d). Fig. (1c) plots the VAFs
of the centre-of-mass translational velocity (tVAF), while
Fig. (1d) displays the VAFs of the rotational velocity
(rVAF). It can be observed that the translational and
rotational VAFs are very different from each other.
We next consider the case in which a water molecu-
lar model with internal degrees of freedom is employed.
Specifically, we consider the flexible TIP3P [30] model,
which incorporates harmonic potentials for both the O-H
bonds and the H-O-H bond-angle. Strictly speaking,
quantum effects in the molecular internal degrees of free-
dom are more prominent than in translation and rota-
tional motion, and thus equipartition does not hold for
such modes in the real situation, but in line with stan-
dard practice in molecular mechanics simulations we are
going to obviate this fact. Due to the different time-scales
involved in the dynamics of internal degrees of freedom
and molecular translation/rotation modes it can be an-
ticipated that energy exchange between the first and the
latter will be comparatively slow. We can thus expect
that the timescale to reach equilibrium (equipartition of
energy between the different modes) will be longer than
for rigid water models. Fig. (2) shows that this is in-
deed the case; displayed in Fig. (2a) is the temperature
evolution for flexible TIP3P water at 330 K in four differ-
ent cases: equilibrium, all kinetic energy initially placed
in purely molecular translational modes, all kinetic en-
ergy initially placed in rotational modes, and all kinetic
energy initially distributed among internal molecular vi-
brations; the latter case is only considered for complete-
ness since, as noted above, quantum effects will be more
important in the internal degrees of freedom. Therefore,
we focus our discussion on the second and third cases.
The upper inset in panel (2a) shows similar results for
the case of TIP3P ice at 100 K, demonstrating that sim-
ilar effects can be observed in out-of-equilibrium solids
as well as in liquids (more details of the latter simula-
tions can be found in the Supplementary Information
file). Panel (2b) shows the distribution of kinetic en-
ergy into different modes for all the simulations of the
liquid phase considered in Fig.(2a); as can be seen there,
equipartition still holds for the equilibrium case, with
translational kinetic energy accounting for 1/3 of the to-
tal kinetic energy, and rotational plus vibrational kinetic
energy for the remaining 2/3. In the cases of initial non-
equilibrium distributions of kinetic energy, equipartition
is attained in due course, but much more slowly than
when a rigid molecular model is used, see Fig. (1a). As
can be appreciated in Fig. (2a), when the kinetic energy is
initially placed exclusively in either translational or rota-
tional modes the instantaneous temperature approaches
the equilibrium value of 330 K from below, while if only
internal molecular vibrations are initially excited, the ap-
proach to the equilibrium temperature is from above. In
all three cases, however, equilibration is attained over a
time scale that is at least an order of magnitude longer
than in the case of rigid water molecules.
In conclusion, the results displayed in Figs. (2) reveal
a mechanism that we refer to as the mesoscopic ME. If
equipartition does not hold, and in particular if there is
an excess of kinetic energy contained in either (or both)
translational and rotational modes, the resulting tem-
perature would be lower, by up to a few degrees, to that
of an identical sample obeying equipartition. This is a
reflection of the different time-scales associated to the
dynamics of different degrees of freedom. Equipartition
is only ensured when the sample is in conditions of ther-
mal equilibrium, but breaking that equilibrium (for ex-
ample, by placing the sample in a colder environment,
as is done in Mpemba effect experiments) could result in
the breaking of equipartition. Interestingly, the results
reported here show the possibility of the existence of an
inverse ME in water, as far as we know not observed or
predicted, and which is present in other non-equilibrium
systems [21–24]. It should be stressed that our results
strongly support the hypothesis that the ME is an effect
that could arise in out of equilibrium relaxation of com-
plex systems. The development of the multidimensional
spectroscopy techniques, allowing for the excitation of
particular modes of specific water molecules and the vi-
sualisation of the response in the femptosecond timescale
range [31–34] could open the door for the experimental
validation of our hypothesis and results.
4Figure 2: (Color online) (a) Instantaneous temperature evolution for flexible TIP3P water; the black curve shows the temper-
ature for a system in equilibrium at 330 K (case 1); case 2 (blue line) is the temperature evolution for a system of the same
size in which all the kinetic energy is initially put in translational modes, while in case 3 (red) the kinetic energy is initially
concentrated in rotational modes only, and in case 4 (green) the kinetic energy is initially distributed in internal (vibrational)
modes only. The lower inset shows the evolution of |T − Te|, being Te the equilibrium temperature, where the different re-
laxation times can be clearly observed in the range up to 50 ps; the upper inset shows the temperature evolution obtained in
similar simulations for the case of ice with a total kinetic energy corresponding to an equilibrium temperature of 100 K (see
Supplementary Information file). Panel (b) shows the decomposition of the kinetic energy into translational and rotation plus
vibrational contributions for the four cases displayed in panel (a), with the same colour coding.
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